In this paper we give the boundary string theory description of brane-antibrane systems. From the world-sheet action of brane-antibrane systems we obtain the tachyon potential and discuss the tachyon condensation exactly. We also find the world-volume action including the gauge fields. Moreover we determine RRcouplings exactly for non-BPS branes and brane-antibranes. These couplings are known as superconnections and correspond to K 0 (M ) and K 1 (M ) for the non-BPS branes and brane-antibranes, respectively. We also show that Myers terms appear if we include the transverse scalars in the boundary sigma model action.
Introduction
In recent years there has been a lot of work on tachyon physics [1] . In string theory tachyon fields naturally appear on the non-BPS branes [2, 3, 4, 5, 6] and the braneantibrane systems [7, 8, 9] . These studies of the dynamical aspect of non-BPS systems are very important to understand the vacuum structure of string theory because we can always see via the tachyon condensation the processes of the vacuum transition from the unstable one to stable one. In the special case these processes can be analyzed via marginal deformation of conformal field theory [10, 11] . However in the general situation the tachyon condensation is a off shell phenomenon. Thus we have to use string field theories.
Historically the most famous string field theory-Witten's cubic string field theory-has been mainly used to compute the tachyon potential of bosonic branes, non BPS branes and brane-antibranes by the approximation which is called the level truncation. This approximation is needed because generally in the process of the tachyon condensation many higher massive modes on a D-brane are excited, and we can not consider the infinite numbers of modes at the same time.
However recently another string field theory was applied to the tachyon condensation. Some exact tachyon potentials and effective action including both the gauge field and the tachyon were calculated [12, 13, 14, 15, 16] . This is called background independent open string field theory (BIOSFT) or boundary string field theory (BSFT), which was first formulated by Witten [17] . This string field theory is based on the world-sheet sigma model action which is perturbed by the relevant operators on the boundary of disk. The strategy for the exactness is the following. If we put the profile of the tachyon to the special form which makes the world-sheet sigma model action become free, then renormalization group does not flow and massive modes on branes are not excited [12, 13] . Therefore the calculations including only the tachyon field are exact.
The boundary string field theory was first formulated for bosonic open string. Its superstring version is not known. However from the argument of the world-sheet supersymmetry and the boundary entropy the authors [14] conjectured that the string field theory action is equal to the partition function. If this conjecture is correct, we can calculate more easily the string field theory action than in the bosonic case. In [14] using this conjecture the effective action of non-BPS brane was calculated and this result was equal to the proposed form in several papers [18, 5, 19, 20] if we assume the tachyon field is constant.
On the other hand only limited results for the effective action of the brane-antibrane have been obtained. For the results from on-shell scattering amplitude, see [21] . However the explicit form of the effective action is very important to know the dynamical aspects of the tachyon condensation in the brane-antibrane systems. For example, if we want to discuss the noncommutative tachyon on the brane-antibrane, then the detailed form of the effective action is required [22] . These dynamical aspects of the brane-antibrane system such as its effective action can only be obtained by the off-shell calculations. Especially the boundary string field theory is suitable for investigating the general structure of the effective action exactly.
Therefore one of the purpose of this paper is to study the effective action of the braneantibrane system in boundary string field theory. Especially if we do not include the gauge field, the calculation of the effective action is exact. We show that considering the special profile of tachyons (kink or vortex) lower dimensional D-branes are produced and these tensions are equal to the known value exactly. We also discuss in the general non-abelian cases and show that the boundary string field theory description of the condensation of the topological configuration of tachyon corresponds to the so called Atiyah-BottShapiro(ABS) construction [23] .
However in the case of including gauge field the tachyon on brane-antibrane couples to two kinds of the gauge fields in the bi-fundamental representation. Therefore there is no choice of the profiles of the tachyon and the gauge field to make the world-sheet action free and it is difficult to obtain the exact results of effective action both of the gauge fields and of the tachyons, which is different from abelian non-BPS case [14] (in this case the tachyon does not couple to the gauge field because the tachyon is in the U(1) adjoint rep.). However it is possible to calculate several lower terms in the α ′ expansion. And we can also discuss the general form of the effective action from the form of the world-sheet action of brane-antibranes. Indeed this general form is consistent with the argument from noncommutative solitons.
Above arguments are limited to the effective action for NSNS sector. However the boundary string field theory has the remarkable property that the on-shell RR closed vertex can be inserted, while it is difficult for the cubic string field theory. Moreover in the boundary string field theory the gauge field couples to the other fields at any order, while in the cubic theory we can introduce the gauge fields only by the perturbation. If we are reminded that the RR-couplings of BPS D-branes is represented by the product of the RR-field and the Chern character which is the exponentialized form of the gauge fields, we expect that in the boundary string field theory RR-couplings of the non-BPS branes and brane-antibranes is computable exactly. Indeed this expectation is true. Therefore in this paper we give the most general coupling forms in the case of non-abelian non-BPS branes and of m brane + n antibrane. These are represented by the so called superconnection [24] which was conjectured in [25, 26] in the case of brane-antibranes. We can also show that the coupling of non-BPS branes also has the structure of the superconnection and these RR-couplings can be understand by the K-theory. RR-coupling of brane-antibranes and non-BPS branes corresponds to K 0 (M) and K 1 (M) respectively. The plan of the paper is the following.
In section 2 we review the boundary string field theory for non-BPS branes and represent the world-sheet action for the brane-antibrane system. We justify this world sheet action by showing that with putting the tachyon field to zero the partition function becomes the sum of two DBI actions which is one for a brane and the other for an antibrane.
In section 3 we calculate the exact tachyon potential for a special profile of the tachyon and show that the tensions of lower D-branes which are produced after the tachyon condensation are equal to known values in general situations and we relate these tachyon profile to Atiyah-Bott-Shapiro construction.
In section 4 we calculate RR couplings for brane-antibranes and non-BPS D-branes by boundary string field theory. We also discuss that these forms are identified to superconeections and relate these to K-theory group. In the last subsections we generalize these couplings to the case including noncommutative transverse scalars which is called Myers term [27] .
In section5 we calculate the effective action for NSNS sector. We show that the form of the action is the sum of the DBI action and that this action is consistent with the argument of the noncommutative soliton. We also calculate several lower terms in the α ′ expansion.
In appendix we summarize the notation and spinor formulas mainly for calculation of RR-couplings.
World Sheet Action of brane-antibrane System
Recently using background independent open string field theory several effective actions were calculated exactly in a certain sense [12, 13, 14] . This string field theory(from now on we call this BSFT) was first considered by Witten in the bosonic open string field theory [17] . In that paper the open string field action was defined by extending BatalinVilkovisky (BV) formalism to that of open-string field version. The solution of this string field master equation was given by [28] :
where S is the string field action, Z is the partition function, λ i is one dimensional coupling(that is target space field) of sigma model and β(λ) is beta function of it. This is for bosonic open string field theory. The formulation of BV-like string field theory to its supersymmetric version has not been found until now. However the relation between S and Z in (2.1) can be generalized to the supersymmetric version. Some years ago Tseytlin et.al. [29, 30] calculated several partition functions including only the gauge fields and they confirmed that partition functions were equal to the effective actions constructed by calculating S-matrix perturbatively in supersymmetric case(not in bosonic case). Moreover they conjectured that this partition function can be identified with off shell string field action. In [14] they extended these interpretation to the full open string field theory including tachyons.
Therefore in this paper we expect that the same relation holds not only for non-BPS branes but also for brane-antibrane systems:
In this paper we propose brane-antibrane sigma model action and calculate string field action. This sigma model action is the extension of non-BPS brane's one, thus before giving this we first review non-BPS brane's one [14, 31] .
The partition function is defined by:
In this definition the action of the σ model I is:
4)
5)
where the superspace representation in the boundary theory is defined by:
If you write I B in the component form and integrate out the auxiliary field F , then it becomes:
This is the world-sheet action for a non-BPS brane. The superfield Γ plays the role of the internal degrees of the freedom of non-BPS branes which is equal to 2×2 matrices 1, σ 2 (Pauli matrix) [6, 1] . This Γ field description is first given by Witten [25] and in [32] Harvey et.al. proposed that this action (2.8) describes non-BPS branes.
The tachyon field T (X) is gauge transformed in the U(1) adjoint representation (that is equal to the gauge singlet), thus this action is gauge invariant without Γ being gauge transformed. This makes T (X), Γ decoupled from gauge fields, which fact appears in the (2.6). Therefore if you exponentialize the action I and path integrate in the approximation of the neglecting the third term of (2.8), the partition function Z(=S) becomes the simple structure which is the product of the DBI action and tachyon potential exp(− 1 4
T
2 ) [18, 5, 19, 13, 14] .
However if we consider non-abelian non-BPS D-branes, the tachyon field couples with the gauge fields, its action is more complicated than U(1) case and the calculation of effective action is difficult. Non-abelian action is proposed in [31] :
where T(X) is N × N matrix in the case of N non-BPS D-branes, ∆ is complex fermionic superfield which couples gauge field in the fundamental representation.
Next, we want to extend this action over the brane-antibrane system 5 which contains tachyons and unstable. Before considering the world-sheet action, we should be reminded of the characteristic properties of this system(For review, see [1] ). First, a brane-antibrane system has two kinds of Yang-Mills multiplets (gauge fields and GSO even fermions). One lives in D-brane, another in anti D-brane. Second, the tachyons fly between D-brane and anti D-brane. In Type II theories open strings have the orientation, thus D −D has two kinds of tachyon fields and we can represent these with complex tachyon fields which belong to the bi-fundamental representation. Third, this system is essentially nonabelian(this contains at least two branes in one pair system) and this contains the ChanPaton factors. Especially in the one pair case, the Chan-Paton factors are represented by 2 × 2 matrices(identity matrix and Pauli matrices (σ 1 , σ 2 , σ 3 )).The identity matrix represents the freedom of the total sum of gauge fields of the system, σ 3 the one of the relative difference of gauge fields and σ 1 , σ 2 the ones of tachyons. These are the main properties of brane-antibrane systems.
It is famous that these are related to non-BPS D-branes by the "descent relation" conjectured by Sen [1, 3, 33] . Therefore we expect that the world-sheet action is very similar to the one of non-BPS branes. Naively the tachyon field T (X) in (2.6) is extended to the complex fields T (X),T (X) which is gauge transformed as follows:
where λ 1 , λ 2 are arbitrary functions of X. The non-BPS action(2.6) respects gaugesymmetry 6 and world-sheet supersymmetry, thus in the case of the brane-antibrane it is 5 In this paper we mainly consider one pair brane-antibrane case. About the generic configuration of brane-antibrane system (m D-brane + n anti D-brane) we comment at several points 6 Strictly speaking this symmetry is not two dimensional gauge symmetry but non-linear global symmetry. However it is famous in usual sigma model(Type I, Heterotic) that world-sheet global symmetry corresponds to target space gauge symmetry natural to require these symmetries. ¿From these consideration we propose that following action defines the D9 − D9 action in BSFT (One for Dp − Dp is simply obtained by T-duality).
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If we write I B in the component form and integrate out auxiliary fields F,F :
where we have employed the following definition:
The field Γ(X) is gauge transformed in the bi-fundamental representation which is same as (2.10). This fact forced the first term in (2.13) to be gauged that is crucial difference from non-BPS brane case (2.6). This prescription is usual in Type I or Heterotic non-linear sigma model action (for example see the section 12.3 in [34] ) .
From this action we can calculate the effective action of the brane-antibrane system. Especially we are interested in the form of NS-NS effective action (which corresponds to DBI part of D-brane action) of the brane-antibrane system because the explicit form of this effective action is not known as much as non-BPS one (In the non-BPS case the action is familiar than the brane-antibrane. This is proposed in several papers [18, 5, 19] ).
However above arguments of constructing brane-antibrane action is naive, thus we have to confirm that this action describes the brane-antibrane system correctly from several point of view. In this paper, we confirm three nontrivial checks before calculating the full NS-NS action of the brane-antibrane.
• With setting T (X) to 0 in (2.13) we reproduce the sum of the DBI action of two kinds of gauge fields.
• By considering the tachyon condensation by BSFT we check the descent relation between the non-BPS brane and the brane-antibrane.
• We reproduce exactly the RR couplings of the brane-antibranes conjectured in [26] which is represented with superconnection formula [24] .
The second and the third check are done in the section 3 and 4 respectively. At first sight the first fact looks false because even if we set T (X) = 0, it is likely that massive modes which fly between D-brane and antiD-brane modifies the sum of DBI action. However this effect comes from open string one loop effect(cylinder amplitude) and in the disk amplitude this effect doesn't cause any modification. Thus we prove this first fact.
The path integral of the partition function is given by (2.3). First we split Z into two dimensional part(internal of disk) and one dimensional part(boundary of the disk):
In open string NS sector ψ(τ ) obeys the anti-periodic boundary condition so that ψ(τ ) has half-integer Fourier modes. Then η(τ ),η(τ ) obey the anti-periodic boundary condition in order for (2.14) to be locally well defined.
Here we integrate η(τ ),η(τ ) first. The path integral of η(τ ),η(τ ) is defined on the circle, which corresponds to one dimensional one loop partition function. Therefore transforming this path integral to Hamiltonian formalism, η,η are quantized and from (2.14) these obey usual anti-canonical quantization condition:
By using canonical quantization method of η,η, Z becomes as follows:
Where "P" represents the path ordering and "Tr"(trace) implies that we sum expectation values in two state Hilbert space:
When constructing Hamiltonian from Lagrangian, we set the operator ordering by antisymmetrization of η,η. This is a consequence from the quantum mechanics, but at a first glance it is strange. We said that classical field η,η obey anti-periodic boundary conditions and have halfinteger modes and η,η don't have zero-modes. However if we use Hamiltonian formalism, τ dependence of η,η drops out and it looks like only zero modes remain. It is confusing. Yet if we calculate the path integral simply by the perturbation using η,η Green function obeying anti-periodic boundary condition:
then we can check order by order that path integral representation (2.16) is equal to (2.18). However we have to be careful for that this identity holds only for ǫ(0) = 0 regularization.
Here we can check that operator commutation and anti-commutation relation of η, η, [η, η] are same as that of Pauli matrix, σ + , σ − , σ 3 (where
). This implies that the algebraic structure and the Hilbert space are exactly same, so we can replaceη, η, [η, η] by σ + , σ − , σ 3 .
In that form Z becomes:
where
This is one expression of the brane-antibrane partition function. However this form is able to be extended to the generic configuration of the brane-antibrane system(m D-branes and n antiD-branes) because in that case we have only to replace A (1)
) with m × m, n × n, m × n matrices respectively, which is natural, while the expression (2.22) has one fault that the gauge symmetry and the world-sheet supersymmetry cannot be seen explicitly. We couldn't find (2.13) type action in the case of the non-abelian brane-antibrane system.
Then we go back to the original question. That is "with setting T (X) to 0 in (2.13) can we reproduce the sum of the DBI action of two kinds of gauge fields?". If you set T (X) to 0 in (2.22), off-diagonal part vanishes and diagonal part remains. In this case Z becomes as follows:
This defines the sum of the NSNS action of A
(1)
µ (X). In general form of A µ (X) this integration is only perturbatively possible, while in the approximation that F µν , G µν , B µν is constant the integration is exact [35, 30, 29] and Z becomes as follows:
where T 9 is tension of a BPS D9-brane. This is the desired result (Dp − Dp case is obtained by T-duality).
Exact tachyon condensation on brane-antibrane systems
Here we investigate the tachyon condensation on brane-antibrane systems. It is obvious that the condensation of a constant tachyon field leads to the decay into the vacuum S = 0. The more interesting process is the condensation of topological configurations of the tachyon field. According to the Sen's conjecture [2, 25] a codimension n configuration on Dp-brane generally produces D(p − n)-branes. As we will see below the tractable free field calculations in BSFT can describe such a tachyon condensation exactly. We can perform the explicit computations in parallel with that for non-BPS D-branes discussed in [14] . A crucial difference is that we can allow the vortex-type configurations since the tachyon field on a brane-antibrane system is a complex scalar field. Note also that even though our regularization throughout in this paper is based on "ǫ -prescription" used in [29, 30, 31, 36] , the result does not change if we regularize by the point splitting as in [14] .
First let us consider the condensation of the vortex-type tachyon field on a single Dp − Dp. From the viewpoint of the boundary conformal field theory (BCFT) one can only describe the condensation as a marginal deformation [10, 11] . In BSFT defined by the boundary action 2.14, we can also handle a relevant perturbation with two real parameters u i (i = 1, 2) :
Here we have set the gauge field A µ to zero. One can show that any tachyon field of the form
can be put into the form (3.1) by a Poincaré transformation and the U(1) gauge transformation.
Note also that this perturbation can be treated as a free boundary interaction and therefore the mixings with the other modes are avoided for all values of u i (see also [13, 14] ).
For non-zero u i this represents a vortex which is a codimension two configuration along the x 1 -x 2 plane. If u 1 = 0 or u 2 = 0, then this corresponds to a kink configuration. This fact is easy to see if one notes that the bosonic zero mode structure of BSFT on the Dp − Dp behaves as
which shows the tachyon condensation leads to the desired localized configuration.
In the presence of this boundary interaction the correlation functions in the NS-sector are given as follows [14] 
where we have defined
Note that in the above expression we have used "ǫ -regularization" discussed in [29, 30, 31, 36] . On the other hand the BSFT action S(= Z) including the boundary interaction can be computed by differentiating with respect to y 1 and y 2 , respectively
The difference of the correlators
where we have used the following formulae:
Then it is easy to integrate eq.(3.6) and we obtain S up to the overall normalization S 0 :
where Z 1 is a function peculiar to BSFT [17] ,
The original Dp − Dp corresponds to u i = 0 and at this value the action is divergent since the world-volume of the brane is non-compact :
In the above computation the parameters y i play the role of cutoffs and are equivalent to a regularization by compactification
Let us now condense the tachyon field. Since the conformal invariance is restored and the equation of motion is satisfied only when the tachyon is infinitely condensed u i = ∞, there exist three decay modes (u 1 , u 2 ) = (∞, 0), (0, ∞), or (∞, ∞). The first two cases represent the kink configurations and we expect a non-BPS D(p − 1)-brane will be generated at x 1 = 0 or x 2 = 0, respectively. This speculation is verified if one computes the tension (for (u 1 , u 2 ) = (∞, 0)) and see the correct value 7 is reproduced as follows
14)
7 Note that we set α ′ = 2 and that the tension of a non-BPS Dp-brane is larger than that of a BPS D-brane by the factor √ 2.
where T Dp−Dp and T D(p−1) denotes the tension of a Dp−Dp and a non-BPS D(p−1)-brane, respectively; we have also used the fact
More intuitive way to see the generation of a non-BPS D(p − 1)-brane is to discuss the boundary interaction (3.17) . Let us shift the original tachyon field by a real constant T 0 along x 1 as follows:
Then the boundary interaction (2.14) after the condensation of the tachyon field (3.16) becomes 17) where note that the new tachyon field T 0 depends only on X a (a = 0, 2, · · ·, p). From this expression it is easy to see that in the limit of u 1 → ∞ we can set η =η after we perform the path integral of the fermion ψ Next we turn to the last case (u 1 , u 2 ) = (∞, ∞). This corresponds to the vortex-type configuration and a BPS D(p − 2)-brane is expected to be generated at (x 1 , x 2 ) = (0, 0). This fact is also checked by comparing the tension as follows: 18) matching with the known result. Also note that this configuration has no tachyonic modes as desired. Indeed constant shifts of the original tachyon field (3.1) are equivalent to the shift of the position where the D-brane is generated. It is also interesting to consider multiple branes and antibranes. This can be represented by the Chan-Paton factors. Following [25] let us consider 2 k−1 pairs of braneantibranes and condense the tachyon field
where Γ µ denote 2 k−1 × 2 k−1 Γ-matrices in 2k dimension and the extra factor i is due to our convention of Γ-matrices.
These configurations carry K-theory charges known as Atiyah-Bott-Shapiro construction [23] and a BPS D(p − 2k)-brane is expected to be more generated. This fact will be more explicit by investigating the RR couplings discussed in the next section. The verification of the correct tension is the same as in the previous cases if one note that the additional factor 2 k−1 from the Chan-Paton space should be included. Similarly one can also see the condensation of the tachyon field In this way we have obtained all decay modes which can be handled in BSFT by free field calculations and these are all consistent with the BCFT results and K-theoretic arguments. The incorporation of B-field (or equally F (+) ) can also be performed by free field calculations and in the same way as in [37, 36, 38, 39, 40] we have only to replace the parameters as follows
This explains the extra factor det(1 + 2πα ′ B) of the Dp − Dp tension in the presence of the B-field.
RR couplings and superconnection
In this section we compute the RR couplings on non-BPS Dp-branes and brane-antibrane systems (Dp − Dp) in a flat space within the framework of BSFT. Since the backgrounds of the closed string should be on-shell in BSFT, we can only consider RR-fields C µ 1 ···µp which obey the equation of motion. This is sufficient to determine the RR couplings of D-branes. Some of the RR couplings from the considerations of the descent relations [3] and from the calculations of on-shell scattering amplitudes were already obtained in the literature [41] for non-BPS D-branes and [26] for brane-antibrane systems. However our off-shell calculations in BSFT gives a more powerful and unified viewpoint as we will see. For example our method determines all the unknown coefficient of the higher order terms with respect to dT for non-BPS D-branes. Furthermore the resulting expressions in both systems can be identified with an intriguing mathematical structure known as superconnection [24] . This fact was already conjectured in [25, 26] for brane-antibrane systems. Here we find the explicit proof of this in BSFT and we point out that this structure can also be found in the RR couplings on non-BPS D-branes. These results give another evidence of the K-theory classification of D-brane charges [51, 25, 42] .
In the first two subsections we assume p = 9. In the last subsection we determine the RR couplings for any p including the effects of non-abelian transverse scalars. As a result we obtain the complete forms of Myers terms [27] for both non-BPS D-branes and brane-antibrane systems.
RR couplings on non-BPS D-branes and brane-antibrane system in BCFT
We regard the small shifts of the RR backgrounds as the perturbations. These shifts are realized in BSFT as the insertions of the RR vertex operators in the disk Σ. The picture [43] of the vertex operators 8 should be (−
). This is because here we consider only one insertion of them and because the total picture number on the disk should be −2. We mainly follow the conventions in [45] , where the scattering amplitudes of closed string from D-branes were computed. The RR vertex operators are given by
where φ,φ denote the bosonized superconformal ghost of left-moving and right-moving sector respectively; we define S A ,S B as the spin-fields of world sheet fermions and P − denotes the projection of the chirality. For more details of the notation for spinors see the appendix.
In the definition S = Z of BSFT on non-BPS D-branes and brane-antibrane systems the ghost sectors are neglected in the same way as the BPS D-branes discussed in [30, 29] . Therefore it is difficult to handle the ghost parts of the above RR vertex operators explicitly. However it is natural to consider that the ghost parts and the matter parts are decoupled and that the ghost parts give the trivial contribution in the present calculations on the disk. Thus we can compute RR couplings taking only the matter parts into consideration.
Then the supersymmetry is completely preserved in the one dimensional boundary theory, since all fermions at the boundary of the disk are periodic due to the cut generated by the RR vertex. Therefore one can believe that the contributions from fermions and bosons are canceled with each other for nonzero-modes and that the boundary theory becomes topological in the sense of [46] . Note that in this paper we consider only Dbranes in a flat space and we have no the correction due to world sheet instantons.
First we turn to non-BPS D9-branes and determine the RR couplings up to the overall normalization. To see the bose-fermi cancellation explicitly let us assume that the tachyon field T (X) is a linear function as T (X) = T 0 + u µ X µ and the field strength F is constant.
Then the boundary interactions (2.8) are described as a free theory. Furthermore in the R-sector the zero-modes and nonzero-modes are completely decoupled and it is easy to see that the bose-fermi cancellation for nonzero-modes because of the supersymmetry as follows
Note that this property in the R-sector is in strikingly contrast with the results (3.6) in the NS-sector. Thus we have only to discuss the bosonic and fermionic zero-modes. The path integral of the former is written as an integral over the world-volume coordinates x 0 , · · ·, x p . The latters are divided into that of the world sheet fermions ψ µ and of the boundary fermion η. The integral of the zero modes of ψ µ in the action (2.8) can be replaced with the trace over Γ-matrices in Hamiltonian formalism as follows:
where the factor i . Notice that we should assume Γ µ andη do anti-commute. Then the result is given as follows including the RR vertex operator :
whereμ represents the overall normalization and Tr denotes a trace with respect to both the Γ-matrices and the boundary fermionη; the symbol : : means that Γ-matrices are antisymmetrized because any operators should be normal-ordered in Hamiltonian formalisms. Note that an extra zero mode of η is inserted due to its periodic boundary condition. After we take the trace using the famous relation between the Clifford algebra (A.9) and the differential forms (A.10) and recover α ′ = 2, we easily obtain the final expression of the RR coupling on a non-BPS D-brane 10 as we will show in the appendix. Its nonabelian generalization is also straightforward using the expression (2.9) and one has only to add the trace of the Chan-Paton factor in front of the above expression. Thus the result is given up to the overall factor µ ′11 by:
9 See for example [47] . 10 The leading term ∼ C ∧ e − 1 4 T 2 dT was already pointed out in [14] . 11 Note that the above action is real if only and only if µ ′ is proportional to i 6) where the Pauli matrix σ 1 is equivalent to the boundary fermion as σ 1 = 2η and the trace in the first equation also involves this freedom; the covariant derivative of the Hermitian tachyon field on the non-BPS D-branes is denoted by DT = dT − i[A, T ]. Also note that in the second expression only the terms which include the odd powers of DT should be remained because of the trace with respect to the boundary fermion and therefore we have represented this prescription as | odd . From these we can see that the boundary fermion η plays a crucial role in the computations of the RR couplings. Next let us discuss the RR couplings of a D9 − D9 in BSFT. In this case decoupling of the zero-modes and nonzero-modes does indeed occur. Even though it is not so easy to give the explicit proof of the bose-fermi cancellation in this case, it is natural to assume this cancellation. The path integral of the boundary fermions η,η can be represented by the RR-sector analog of the important formula (2.22):
DηDη e −I 0 −I B = Tr P (−1)
where the insertion of (−1) F is due to the periodic boundary condition of η,η and can be replaced with the Pauli matrix σ 3 . Since we have only to take the zero modes into account, we can regard the path-ordered trace Tr P as the ordinary trace and thus we obtain DηDηDXDψ e −I 0 −I B = Str exp 2πF
where a supertrace Str is defined to be a trace with the insertion of σ 3 . After we insert the RR vertex and again replace products of Γ-matrices with differential forms, we obtain the following RR couplings on a D9 − D9 :
where µ ′′ is a some real constant 12 . This result coincides with the proposal in [26] as we will
The non-abelian generalization is again straightforward if the above abelian supertrace is replaced with the non-abelian one:
12 Even though one may think the factor i 3 where we assume that there are N D9-branes and M antiD9-branes. This result coincides with the proposal in [26] as we will be explained in the next subsection. In this way we have derived the explicit RR couplings on non-BPS D-branes and brane-antibrane systems in BSFT. The point is that one can read off the RR couplings if one extracts the fermionic zero modes from the boundary action I B . This may be said as a boundary topological model which can naturally lead to the notion of superconnection as we will see in the next subsection. Note also that the above results can be applied for general p-brane if the transverse scalars are set to zero.
Superconnection and K-theory charge
Here we discuss the interpretation of the RR couplings on non-BPS D-branes and braneantibrane systems in BSFT and superconnections [24] . For brane-antibrane systems this fact was first suggested in [25] . A definite relation between the RR couplings and the Chern character of the superconnection was proposed in the paper [26] . Our calculations in the previous subsection shows that this interpretation indeed holds within the framework of BSFT as we will see below. Moreover we argue that such an interpretation can be applied to non-BPS D-branes and our previous calculations give an evidence for this.
Let us first review the definition and properties of superconnection following [24] . There are two kinds of superconnection: one is for even-cohomology and the other is for odd-cohomology. In the K-theoretic language the former is related to K 0 (M) and the latter to K 1 (M), where M is a manifold regarded as the D-brane world-volume. Both are defined as follows 13 :
In this case we consider the Z 2 -graded vector bundle E = E (0) ⊕E (1) , which can be directly applied to a brane-antibrane system if one identify E (0) and E (1) as the vector bundle on the branes and antibranes, respectively. Then the endomorphism of this superbundle X ∈ End E have the following Z 2 -grading:
In addition, there is also a natural Z-grading p if one considers the algebra of the differential forms Ω(M) = ⊕Ω p (M), where Ω p (M) denotes the algebra of p-forms on M. The crucial observation is to mix these two grading and to define the Z 2 -grading for α ∈ Ω(M, End E) = Ω p (M) ⊗ Ω 0 (M, End E) as follows:
12) 13 We include the explicit factor i 2π in front of the field strength which was omitted for simplicity in the original paper [24] . This is the reason why the factor i where Ω 0 (M, End E) denotes the space of sections of End E. Then the superalgebra is defined by the following rule: (4.13) and the supercommutator can be defined as:
An element of Ω p (M, End E) can be written as a 2 × 2 matrix, where the diagonal elements and off-diagonal elements have even and odd degree, respectively. We also define the supertrace as
where Tr denotes the ordinary trace of vector bundles. Note that the supertrace vanishes on supercommutators.
Let us now define a superconnection on E to be an operator D = d + A on Ω(M, E) of odd degree satisfying the derivation property:
For local calculations familiar for physicists one can regard A as a degree odd element of Ω(M, End E):
, (4.17) where the factor √ 2πi was included for later convenience. The diagonal parts d + A (1) , d + A (2) denote the ordinary gauge connection of vector bundle E (1) , E (2) . T denotes a odd degree endomorphism of E. Notice that in this definition the exterior derivative d does anti-commute with any odd element in End E.
Then the curvature F of a superconnection D is defined to be an even degree element of Ω(M, End E):
where we have defined DT = dT + A (1) T + T A (2)14 .
The "Chern character" of this superconnection is given by
It is easy to see that this is closed because
Furthermore as shown in the main theorem in [24] , its cohomology class does not depend on the choice of T . In other words, this Chern character defines the same element of
where ch(E) denote the ordinary Chern character and we have applied the Chern isomorophim, which states that the cohomology and the K-group K 0 (M) are equivalent if Q is tensored.
The first step to define the second superconnection is to regard a bundle E as a module over the Clifford algebra C 1 = C ⊕ Cσ 1 . In other words, we define the endomorphism of this superbundle as End σ E = End E ⊗ C 1 . Let us call all elements which includes σ 1 degree odd and the others degree even. In the physical context these correspond to the fields on non-BPS D-branes which belong to GSO odd and even sectors. The supertrace on End σ E is defined as follows:
where X, Y ∈ End σ E are degree even elements. Further we mix the degree of differential forms in the same way as in the previous case eq.(4.12),(4.13) and (4.14). A superconnection on E is defined locally to be an odd element as follows
where A is an ordinary connection and T is self-adjoint endomorphism. The curvature of this is also defined as
where we have defined DT = dA + [A, T ]. Then the "odd Chern character" is given by
The main theorem in [24] again tells us this character is closed and its cohomology class does not depend on the choice of T . Further we can regard this as an element of K-theory group K 1 (M):
Physical interpretations
It is a well-known fact that the RR couplings on a BPS D-brane is written by using Chern characters [48, 49, 50] 
where we assumed the world-volume M is flat. As can be deduced from this [51] , the Dbrane charges are proposed to be regarded as an element of K-theory group K 0 (M), which is equivalent to Chern characters up to torsion via the Chern isomorphism. This proposal was strongly convinced in the study of tachyon condensation on brane-antibrane systems [25] . The original definition of K 0 (M) is given by considering the equivalence class of a pair of vector bundles (E 1 , E 2 ). This definition can be naturally seen as a mathematical description of brane-antibrane systems. Moreover it was pointed out that the other Ktheory group K 1 (M) is related to the tachyon condensation on non-BPS D-branes [42] . At first sight, there are two different physical observation about the generation of K-theory charges: the K-theory charges from RR couplings on a BPS D-brane and those from the tachyon condensation. Then it is natural to ask if we can directly fill this gap in string field theories. The answers to this question is yes in BSFT and the key is superconnections as we see below.
The role of superconnections in the D-brane physics is explicit if one notes that the RR couplings on brane-antibrane systems and non-BPS D-branes can be expressed as wedge products of RR-fields and the Chern characters of superconnections:
where the curvature F in the first equation involves the superconnection for K 0 (M) and in the second for K 1 (M). One of the expression (4.28) was already proposed in [26] . One can indeed transform these mathematical expressions eq.(4.18),(4.24) into the physical ones eq.(4.9),(4.6) by following the prescription 15 :
Note that if one assumes the descent relation [3, 1] , one can formally obtain the coupling (4.29) from (4.28). Here the descent relation argues that one can reduce the degree of freedom on a brane-antibrane to that on a non-BPS D-brane if one project the Chan-Paton factor Λ on a brane-antibrane by the following action:
where F L denotes the spacetime fermion number in the left-moving sector. Thus we have proved that the proposal in [26] is correct if we consider brane-antibranes in BSFT. Also the second new expression (4.29) is interesting because this explicitly shows that we can obtain the odd forms which correspond to K 1 (M) by including the Hermitian tachyon field.
Then let us turn to the first question. In the expression (4.28) we can move smoothly during the process of a tachyon condensation. Before the condensation the RR charge in (4.28) comes only from the gauge field-strengthes. On the other hand when the tachyon maximally condenses, the contribution from the tachyon field dominates. For example, in [24] it was shown if the tachyon field T is invertible at some regions in M then the Chern character (4.19) does vanish there. Physically this is natural since the condensation of a constant tachyon leads to the decay into the vacuum and the lower dimensional charges are generated only at the regions where T is not invertible. The same theorem also holds for the odd case (4.25).
A nontrivial example of the tachyon field which is not invertible is given by the AtiyahBott-Shapiro construction (3.19) . The important point is that RR charges or equally K-theory charges do not change globally during the tachyon condensation as is shown in eq.(4.21) and thus the charges are quantized in off-shell regions. To give a more concrete picture, let us remind the calculation of the tachyon condensation in the previous section. If one calculate the RR coupling (4.28) for the vortex-type tachyon configuration (3.1) and integrate it over the world-volume, then it is easy to see that the RR charges are independent of the parameters u 1 , u 2 except the "singular points" u 1 = 0 or u 2 = 0. Notice that the topology of the tachyon field T becomes trivial at the points u 1 = 0 or u 2 = 0 and therefore one can not regard T as an element in the desirable endomorphism. In this way we can relate D-brane charges in the RR-couplings to D-brane charges due to tachyon condensations directly in BSFT. 15 Also note that for a brane-antibrane we need an additional minus sign in front of DT . This occurs due to the following reason. The mathematical definitions of the superconnection for K 0 (M ) assumes that an odd form anti-commutes with the odd degree endomorphism as in eq.(4.13). On the other hand, in the physical expression eq.(4.9) it does commute.
RR couplings of transverse scalars: Myers terms
As we have seen above, the BSFT calculations determines the RR couplings on the various systems of 9-branes exactly. If one want to obtain the RR couplings for a single p( = 9)-brane, one has only to interpret the RR-fields as their pull-backs (see eq.(4.36))to the D-brane world-volume.
However their non-abelian generalizations (4.27),(4.28) and (4.29) are incomplete for p( = 9)-branes from the viewpoint of T-duality. As pointed out in [27] for BPS Dpbranes, in order to recover the T-duality symmetry we must take the transverse scalars Φ i (i = p + 1, · · ·, 9) into account. For example if a pair of scalars is noncommutative [Φ i , Φ j ] = 0, then D(p + 2)-brane charges emerge and therefore we should include this effect. Those terms which represent such an effect are called Myers terms and their structures were investigated in [27, 52, 53, 54, 55] . Here we argue that if one would like to determine all of the Myers terms for any D-branes, then one has only to compute RR couplings in BSFT including the transverse scalars. Here we set the value of B-field to zero.
First let us determine the Myers terms of non-BPS D-branes. We use the non-abelian boundary action (2.9) with an additional term due to the transverse scalars
where we have defined the T-dualized covariant derivative as D n = ∂/∂θ + iθ∂/∂σ; σ is the world-sheet coordinate transverse to the boundary ∂Σ. Note that if one want to discuss BPS D-branes, one has only to set T = 0, Γ = 0 in eq.(2.9). After we integrate out the auxiliary fields and extract the zero modes as was done in (4.5), we obtain the additional terms: 33) where ··· denotes the contribution from (4.5). When one estimates the trace of Γ-matrices and remind the calculations in the appendix, note that the matrices Γ i (i = p + 1, · · ·, 9) contract the indices of RR-fields C µ 1 ,···,µq in contrast with the matrices Γ µ (µ = 0, · · ·, p). Then we obtain the following additional RR couplings (Myers terms) to eq.(4.6): 34) where Tr denotes both the trace with respect to Chan-Paton factors and the trace defined by eq.(4.22); i Φ and i DΦ denote the interior product by Φ and DΦ:
35)
In the above RR couplings the first term is peculiar to non-BPS D-branes. The second corresponds to the generation of higher dimensional D-brane charges due to the noncommutative transverse scalars. The last term changes the RR fields C into their covariantized expressionsP [C] of the pull-backs P [C] :
where y µ = x µ (µ = 0, · · ·, p) denotes the coordinates of the p-brane world-volume and we also define
). In addition "covariantized" means that all derivatives ∂ µ Φ i in the above definition (4.36) should be replaced with covariant derivatives D µ Φ i . Then the total RR-couplings are given by [53] . On the other hand if we set T to zero and neglect the restriction to odd forms, then one get the RR couplings for BPS Dp-branes, matching with the results in [27] . In this way we have determined the complete form of Myers terms for non-BPS D-branes in BSFT and these include new terms which is higher powers of [i Φ , T ]. Note also that our calculations explicitly preserve the T-duality symmetry A µ ↔ −Φ i .
Then let us turn to the final task in this section: Myers terms in brane-antibrane systems. In the same way as before we have only to add the extra terms which involve transverse scalars. As a result the matrix in the exponential of eq.(4.9) is modified including Myers terms as follows:
where we interpreted Str in eq.(4.9) as both the symmetric trace with respect to ChanPaton factors and the original supertrace. Note that if one requires that the branes and the antibranes always have the common world-volume, then we get Φ (1) = Φ (2) (= Φ). In this case we can find an intriguing terms in the RR couplings:
First, we will show below that the action computed from (2.18) can be written as
where G 2n is a 2n-derivative term constructed from F (i) , T,T and 2n covariant derivatives D µ . Note that, for example, F − µν T is regarded as a 2-derivative term and should be included in G 2 because of the identity [D µ , D ν ]T = −iF µν T . These ambiguities are reminiscent of the case of the non-Abelian Born-Infeld action [56] 
F γσ was regarded as derivative terms. As shown in [35] , this action (5.1)is regarded as an on-shell effective action for T and A µ , in which the massive modes are integrated out, or an off-shell BSFT action with other modes than T and A µ setting to zero.
Here we use the matrix form of the world-sheet action
Now we expand X µ from zero mode x µ as X µ = x µ + ξ µ and path integrate ξ µ and ψ µ . Then if we remove the terms which can be included in G 2n , TT (X) in Z can be replaced by
µν (X) terms can also be replaced by F (i) µν (x). Furthermore we see that the contributions from the off diagonal part of the matrix M ab have the form of G 2n since they can be expanded as
µ (X) in the diagonal part are combined with the other non-gauge covariant terms to give gauge covariant ones. Therefore we conclude that the action for the brane-antibrane system becomes (5.1). Similarly, we can show the action for a system of n branes and m antibranes becomes
where SymTr denotes the symmetrized trace for TT ,T T and F (i) [56] . Now we will use this action in order to investigate the non-commutative soliton in the brane-antibrane system [57, 58, 22] . According to the argument in [59] if we include the background constant B-field, then the propagator are modified and the action can be written as the non-commutative field theory with the point splitting regularization for the world sheet theory. This will be true at least for the on-shell fields. We assume here that this is also true for the off-shell action since the evidences for this have been obtained for bosonic case [39, 37, 36] . Then the non-commutative action for the brane-antibrane system with background B-field becomes the same form as (5.4) where the product is * -product and closed string metric g and coupling g s are replaced by open string metric G and G s , respectively. We should also replace the field strength F (i) byF (i) + Φ which represents a freedom to relate closed string quantities to open string quantities. Below we take Φ = −B for simplicity.
In [22] the exact non-commutative solitons for the effective string field theories for bosonic, non-BPS and brane-antibrane system have been obtained using the technique called solution generating technique which is also useful for the BPS case [60] [61] . For the brane-antibrane system, they assumed the form of action which does not vanishes at the closed string vacuum T = T 0 . Our action (5.4), however, vanishes at the minimum T = T 0 = ∞ and does not have the form assumed in [22] . Thus we should confirm if their construction of the exact soliton works for brane-antibrane system or not. In order to use the solution generating technique, we regard the fields on the non-commutative field theory as an operator on Fock space. In [22] an almost gauge transformation was defined as
is a projection operator. Then the configuration constructed by the above transformation from the closed string vacuum A (i) = 0 and T = T 0 becomes an exact solution of (5.4). The reason is almost same as in [22] . The only difference from [22] is the explicit form of terms of field strengths without covariant derivatives. These terms in our action are the sum of Born-Infeld actions multiplied by the function of the tachyon, exp(−T T ), or exp(−TT ). We note that the tachyonT T, TT and the field strengthF
Here we can obtain
for the soliton configuration from the equation
where V (T T ) ∼ exp(−T T ) and V (T T ) = 0 at T 0 = ∞. Therefore for this soliton configuration constructed from the vacuum where the action vanishes, the sum of Born-Infeld actions remains to vanishes except the gauge fields independent term, i.e. the tachyon potential. Hence the soliton constructed in [22] is an exact solution of the brane-antibrane action which represent a N 1 Dp-brane and N 2 antibrane, where N i = dim(Ker(1 − P (i) )). Note that the action evaluated at this soliton configuration has a non zero value although the one evaluated at the vacuum T = ∞ vanishes. In [22] they argue that the action can not vanishes at the vacuum because BPS brane after the tachyon condensation has nonzero mass. Our action indeed has nonzero value for the soliton solution and then is consist. The properties of vanishing kinetic terms may be required from the observation that at the closed string vacuum in order to solve the U(1) problem the strong coupling effects should be important and the vanishing kinetic terms almost mean the strong coupling physics [62, 18, 63, 64] .
Next we compute the brane-antibrane effective action as a sigma model partition function perturbatively for up to α ′2 . Here we use the regularized correlation function
This regularization keeps world sheet supersymmetry and the spacetime gauge invariance which corresponds to world sheet global symmetry [30, 29] . First we expand fields in (2.18) as
Then we can compute the partition function usually by the perturbation in α ′ . Since the actual computations are somewhat complicate, we will only show the outline of the computation and the result below.
The gauge invariance of the effective action can be checked by replacing the ∂ µ by D µ and picking the terms depend on A The result up to α ′2 can be rearranged in a rather simple form:
where we renormalized the tachyon field only as
Note that the no terms in (5.12) are affected by the field redefinition which corresponds to a finite renormalization from the two dimensional point of view.
Note that we distinguish spinor and adjoint spinor indices as subscripts and superscripts, respectively. The charge conjugation matrix C AB , C −1 AB , which obey the relations:
can raise or lower these spinor indices. Therefore we can omit the matrix C as
Note also from the above equations it is easy to see
We also define (Γ 11 ) A B as 5) and the chirality projection matrix P ± is defined by
The matrix Γ 11 satisfies the following identities where : : denotes the antisymmetrization.
Let us now turn to the derivation of the RR couplings. It involves the computations of the correlation functions on a disk and the boundary of this disk is on a Dp-brane. We assume its world-volume extends in the direction x 0 , x 1 , · · ·, x p . Then it is easier to calculate the suitable correlation functions for a D9-brane or equally the Neumann boundary via T-duality transformation. This transformation is given with respect to the spin operators by 12) where S A ,S B denote the left-moving and right-moving spin operators, respectively; the sign ambiguity ± depends on the conventions and we choose the the plus sign. The above rule can be derived by requiring that the OPE's of the left-moving fermions ψ µ and spin operators S A have the same structure as those of right-moving onesψ µ ,S B after one performs the T-duality transformation. Using these facts, the RR couplings on both a non-BPS D-brane and a brane-antibrane system are summarized as the following form up to the overall normalization (see eq. where K µ 1 µ 2 ···µr (0 ≤ µ i ≤ p) is a r-form which depends on the field-strength and the tachyon field;Ĉ denotes the RR-sector vertex as defined in eq.(4.2). If one take the transverse scalars into account, one should also discuss K µ 1 µ 2 ···µr for µ i ≥ p. However such a case can also be treated similarly and we omit this. Then we can write down the RR coupling explicitly up to the overall normalization which is independent of r as follows:
1 q!r! δ p+1,q+r ǫ µ 1 ···µqν 1 ···νr C µ 1 ···µq K ν 1 ν 2 ···νr , (A.14)
where we have used the formula (A.8). Finally these couplings are written in the language of the differential forms as 15) where Σ (p+1) denotes the world volume of the p-brane.
